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Abstract—The stability of the previously derived steady laminar flow of an idealized induction furnace

is analysed by means of the perturbation technique commonly used for stability analyses [1]. It is shown

that the minimum critical Grashof number for molten iron is 19 000 occurring for a skin depth to

radius ratio of one half. Calculation then shows that the tolerable temperature gradient across a

radius is very small so that stirring action under the influence of thermal buoyancy forces is generally
turbulent.

INTRODUCTION

IN A PREVIOUS paper [1] a steady laminar solution
to the thermally induced flow of an induction
furnace was obtained using the idealization
shown in Fig. 1. Density variations in the charge,
brought about by temperature differences, give
rise to buoyancy forces under whose influence the
fluid motion is upward near the axis and down
near the walls. This mode of operation of the
furnace is important only when the magnetic
field is almost entirely axial so that the effect of
electromagnetic stirring can be neglected.
Accordingly, an infinite model was used to
eliminate electromagnetic stirring forces. Rect-
angular rather than cylindrical coordinates were
used to avoid Bessel functions for the sake of
computational ease. In that analysis the velocity
Vy, temperature T, and complex magnetic field
Hy, (with exponential variation exp [ jwot] under-
stood) were found to be
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where T is the wall temperature, o and « are the
electrical and thermal conductivities, and the
skin depth 6 = 4/(2/wopoo) (po is the permea-
bility). These represent solutions to the system
of magnetohydrodynamic equations
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FiGg. 1. Geometry of idealized model for thermally

induced flow; I = linear current density of coil in

Afunit, y = dimension, wo = frequency in radians/s,
b = furnace radius in meters, ¢ == time in seconds.

after taking time averages of the equations over
one cycle in time and assuming the fluid is
incompressible. Note that unstarred quantities
are time averages of the corresponding time
dependent starred quantities. The assumption
employed in this process is that the mechanical
and thermal time constants are long compared
with the electrical period of excitation so that
there is only a steady velocity, pressure and
temperature response to the d.c. component of
the forcing functions. Quantities not defined so
far are: Ty, a constant mean temperature from
which temperature variations are measured; po,
the mean density corresponding to 7Ty; w, the
dynamic viscosity; 8, the coefficient of volume
expansion; g the gravitational acceleration; C,,
the specific heat at constant volume; and P, the
pressure.

The object of this analysis is to determine the
range of parameters over which the thermally
driven flow just described is stable. The problem
arises since flows originating from free convec-
tion are known to be easily disturbed. The
approach is very similar to the work of Gershuni
and Zhukhovitskii [2] who have studied the
stability of stationary convective flow of a liquid
conductor between heated vertical plates in the
presence of a d.c. magnetic field. For the purpose
of checking the equations derived here, their
terminology is followed closely, even though this
problem deals with a.c. fields.

Basically, the approach is to perturb the
steady laminar solution assuming changes in the
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fields of small amplitude. The perturbed
quantities are given an exponential variation
with time and are made space periodic with
respect to the coordinate variables for which
the flow goes to infinity or does not vary. For
the model under consideration the variations
take the form f(x) exp [j(w?t — xy)] where f(x)
determines the profile; the reciprocal wave
number, 1'x, the size of the cell. and the fre-
quency, w, the stability of the flow. This form
gives rise to plane perturbations. although a
more detailed analysis would specify a wave
number for the z-direction, corresponding to
cell structure in the azimuthal direction of cylin-
drical coordinates.

The classic example illustrating the cell struc-
ture that develops is the Bénard problem of the
instability of a layer of fluid heated from below
[3, 4]. Here. as the buovancy forces increase
under the influence of an adverse temperature
gradient, a critical gradient is reached at which
these forces exceed the viscous forces. The fluid
then breaks from the stable or motionless state
into instability which manifests itself as steady
thermal convection within a cellular pattern that
is periodic in all horizontal directions. The
critical gradient is expressed as a critical Grashof
number which is a measure of the ratio of inertial
forces induced by convection to the viscous
forces or as the product of the Grashof and
Prandtl numbers called the Rayleigh number.

Instability, however, need not set in as steady
convection as in the Bénard problem (corre-
sponding to w == 0) but may appear as traveling
perturbations. This is determined by the nature
of the frequency w for which solutions to the
perturbation equations exist.

For a given flow to be stable anv disturbance
must decay with time, indicating that Im(w) = 0
where Im means imaginary part of. On the other
hand, the flow is unstable and the disturbance in-
creases with time when Im(w) << 0. Thus, one is
interested in solving for the neutral perturbation
state defined by the condition Im(w) = 0 in
which w is a real quantity. When instability in the
form of stationary convection does in fact arise,
the solution « -= 0 results but mav not be
assumed a priori.

In brief, the steps in the analysis are as follows.
First, the perturbations are given an exponential
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form and are substituted into the perturbation
equations. The result is an eigenvalue problem for
which solutions in « and « are sought as some
physical parameter (the Grashof number in this
case) is varied. When approximate functions are
used, a homogeneous system of equations results,
and the eigenvalue problem arises by the re-
quirement that the system determinant must
vanish for solutions to exist. The remainder of
the procedure is to equate to zero the real and
imaginary parts of the system determinant (con-
sidering w a real quantity), eliminate « from this
pair of equations, and plot the neutral curve in
the G—K plane (where G = Grashof number and
K = wavenumber). The stability analysis follows
this procedure.

PERTURBATION EQUATIONS

Adding the small perturbation quantities v*,
6*, p*, and h* to the stationary quantities V,
T, P, and H* developed in reference 1, the
quantities V + v¥, T -+ 6* P + p* and H* + h*
must satisfy equations (5) through (9). Neglecting
products of small quantities and recalling that
the stationary solution already satisfies these
equations, one obtains for the perturbation
equations
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ch*
oo [Tt + VX (h* x V) + V¥V x (H* x v*)]
= V2 h* (12)

Now the time variation of the perturbation
terms is exp [jwt]. The terms involving the
magnetic fields in the right side of equation (10)
are neglected in this analysis. These terms repre-
sent a retarding body force exerted upon the
fluid when it flows in the radial direction. The
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force arises from the interaction of the applied
axial magnetic field with the azimuthal current
induced by the radial flow of the liquid metal.
When the force is averaged in time, it varies as
exp [jwt]. This force increases the stability of the
stationary flow [2]. However, in the coreless
induction furnace this force is weakened by the
skin effect which greatly lowers the amplitude
of the applied magnetic field in regions located
more than one skin depth away from the con-
taining vessel wall. The dropping of the in-
duced body force is also consistent with the
magnetic Reynolds number encountered in most
furnaces. Using a value of 046 m as the
characteristic size and letting the velocity be
10 cm/s (reasonable for stirring due to buoyant
forces) [11] yields a magnetic Reynolds number
of 0-04. Hence our solution neglects the stabiliz-
ing body force and applies when Rn < 1 and
b’ > 2. Equations (10) and (11) are then written
more simply as

av*
po(—a—t+v*~VV+V-Vv*>

= — Vp* +uV2v* — pofo*g  (13)
00*
po Cy (W—%-V*'VT—%— V'Vﬁ*) = kV?2 ¢*
(14)

and no longer depend on the magnetic field. In
other words, flow induced magnetic fields are
considered to be small compared to the applied
field H;,. The curl of (13) eliminates the pressure
gradient and yields

ov¥*
poV><(~§+v*-VV+V-Vv*)

=uV X V2v* — pg BV X O*g (15)
which may be solved together with (14) for the
velocity and temperature perturbations.

When a plane perturbation is assumed with no
motion in the z direction, the quantities depend
on x, y, and ¢ and vary as f(x) exp [j(wt + «y)]
Choosing a stream function * the velocity
components are
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and the temperature perturbation is
0 = b0 exp Lifwt + )] (18)
Recalling that V == Vi(x)j and T = T(x) and
noting that 9/ox = ', 9/0y = jk and 9/0t = jo
equations (14) and (15) become, upon substitut-
ing (16) to (18).
po Ljw(tt — k) — j V[ + j ¥y Yt
— J 3 Vy ] = (v — 22 1 - xc i) 4 Bgt’
(19)
po Cyp (jowb - j Vy 8 — jx T )
= k(0" — «20) (20)
For ease of solution the equations are put into
dimensionless form. Choosing the “radius” b as
a measure of distance, v/b (where v = u/pg is the
kinematic viscosity) as a measure of velocity, »/b2
as a measure of frequency, and the maximum
difference Q1 = I?/4ox as a measure of tem-
perature, one defines the dimensionless variables
X=1x/b, =1yfr, K=rxb, L = wb?y,
V="Vyblv, ©@=06/01, t=(T— T/
Defining the Prandtl number P, = uCy/k, the
Grashof number G = fgb3Q1/12, the diameter
to skin depth ratio &’ = 2b/8, displaying V and t
[given by equations (1) and (2)], the dimension-
less perturbation equations are

YV — 2K2 QU+ Ki o — j @ (Y1 — K2 )
—JKI" ~ KV~ V'] + GO =0
(21)
@' —X20) —jQP,0—,;KP. VO
+JjKPt =0 (22)
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The boundary conditions are that the normal
and tangential perturbed velocities and the
perturbed temperature should vanish at the wall,
or in terms of ¢ and &

YED = (zh=0(x£ 1) =0 (23)

USE OF THE GALERKIN METHOD

The solution of the eigenvalue problem, de-
fined by equations (21) and (22) and their
boundary conditions, is carried out by the
Galerkin method whose application to this
problem is now described.

The basic idea of the method consists in
approximating the solution to the differential
equation by selecting a linear combination of
approximate functions that satisfy the boundary
conditions. These are linearly independent and
represent the first / functions of some system
of functions chosen from a complete set in
the given region. Examples of such sets are
the trigonometric functions and powers of the
independent variables.

Denoting the approximations to the stream
function and temperature perturbations as

and @ and choosing the first i functions ¢; and
®; from an appropriate complete set, such that
the 4 and ©; each satisfy the boundary con-
ditions (23), then

YX) =T apX) and O =3 b O«(X) (24)
where the Galerkin coefficients a; and b; are to be
determined. Further, defining the differential
operators L({», ©®) and M(Y, ©), corresponding
to the left side of (21) and (22) respectively, the
system of equations to be solved is

1 . - 1 - -
[ Ly, ©) i dX =0, | M(},0)0:dX 0
- -1

25
Equation (25) is a statement that one substitutes
the approximate solution into the differential
equations and then requires that the weighted
averages of the residuals over the desired interval
should vanish [5]. The weighting functions are the
approximating functions. This is also referred
to as an orthogonality method falling in the
same category as the least squares method [6].
Duncan [7] shows the equivalence of the two
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methods when a large number of approximating
functions is used.

If the differential equations are homogeneous,
(25) leads to a homogeneous system of algebraic
equations in the unknowns a; and 5;. These
give rise to a compatibility condition which
expresses the fact that (25) has a non-trivial
solution only if the determinant of the set
vanishes.

As pointed out in reference 8 the method is
quite similar to the Ritz method, although
perfectly universal in that there is not necessarily
a formal connection between the given equation
and a variational problem. The accuracy of the
approximation improves rapidly if, in addition
to the primary boundary conditions, the approxi-
mate functions satisfy secondary boundary
conditions (derivable from the differential equa-
tion). Lastly, Duncan shows that if the errors
in the amplitude of the approximating functions
are taken to be of first order, the Galerkin
method yields errors in frequency that are of the
second order. This property and the inclusion of
secondary boundary conditions on temperature
are used as justification for restricting the
approximating functions to a single term. Since
the symmetry of the problem forces 4 and &
to be only even or only odd (as is shown in the
following section), the accuracy of the approxi-
mation is expected to be comparable to that of
the study by Gershuni and Zhukhovitskii {2]
where two terms (one even and one odd) were
used to approximate a condition of asymmetry.

SOLUTION

Recalling that V and V* are even functions
and that t’ is odd, equations (21) and (22) show
that even components of » give rise to terms of
odd symmetry only in ©, and also that odd terms
in « correspond only to even terms in ©. Hence,
these combinations are independent, indicating
the possible existence of the two modes. The
mode for which © is even and « odd is called the
even mode, since v} is also an even function of
x. Conversely, ® odd and ¢ even is the odd
mode. These are iilustrated, at the onset of
instability, in Fig. 2, the contours representing
either stream lines or lines of constant tempera-
ture.

A convenient set of complete functions for

725

)

e’
8
) S

@)

{a)

{b)

FiG. 2. Cell structure at the onset of instability. (a) The

even mode cell structure which also gives the odd mode

temperature cell structure. (b) The odd mode velocity cell

structure which also gives the even mode temperature cell
structure,

constructing the J; and @, are the powers of X:
1, X, X2,X3, . . .. The boundary conditions (23)
show that the trial functions ; must vanish to-
gether with their derivatives at X = +1. For
the temperature perturbation the ©; must vanish
at X = 41, but these functions are also made to
satisfy the secondary boundary condition given
by (22), @” (1) = 0. To illustrate the compu-
tation the second trial function is included in the
table below:

Function Even mode Odd mode
P X(1 X322 (1 — X2)2
P2 X1 — X2 X2(1 — X2)2

& (1—X3)(5—X2)
0: X1 — X»( — 5X?)

X(1 — X2)(7 — 3X?)
X3(1 — X2)(11 — 7X%)
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Considering only the single term approximation,
P = a1 and @ = 5101, the systemof equations
{25) becomes

Eiiar + Ez by == 0)

Enai + Esabe =0 (26
where
En=Au+jQBu+jKGCn
Eyp = Dy

Eo1 = jJK Prdn
Esp = a1y — jQPrb1y —jKG Pren

and where

An = | (VY — 2K QY + K1) 1 dX

Lty e

Bii =

|ty

(~ Q1+ K2 Gy s dX
Ci= | [(— i+ K2 g0 ¥ + g1 7] 1 dX

1
D= [ 0, ¢1dX
1

1
an = [ (@, — K201 @ dX
1

1 1
by = | ©idX, cu= [ 703dX
—1 -1

1
di = | "$101dX
21

and ¥ = VG

The script velocity, ¥7, has been introduced so as
to make the Grashof number apparent. Dividing
out the Prandtl number the system determinant
is

Au+jRBn +jKGCn

JKdun

Equation (27) determines the characteristic
frequencies, w, of the perturbation.

For the neutral perturbation state Im(2) =
and £ is considered a real quantity. Expanding
(27) and equating the real and imaginary parts to
zero yields the pair of equations
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A1 ainn
Py

+ (Q Bll +— K G Cll)
Qb1 +KGy=0 28

aii
— - JoS iy
A (R b1 +~ K Genp) A By

(B11+KGCi) — KGdi; Din =0 (29)

Since £ is not a factor of either equation, £2 = 0

is not a permissible solution. This shows that

instability in the form of steady thermal con-

vection cannot arise in the problem formulated.
Solving (29) for £2 one obtains

_ K G(d1y D11 + A1 c11 — (a1, Pr) Cu1)
— A1 buy + {a11/Pr) Bn
-~ KG Fb, K, Py) (30)

which when substituted into (28) yields the
neutral curve relation in the G-K plane

— l — A1 an/Pr 7
R ’\/((BnF-f- Cy) (b1 F - Cn)) 30

The neutral curve relation (31) is a function of
K, b’ and P,. Since the Prandtl number is constant
for a given liquid metal one may plot neutral
curves of G vs K for each value of b'. The
minimum value of G for each curve is plotted in
turn versus b and vields the desired critical
curve which gives the Grashof number above
which instability sets in for each value of ',

Q-

RESULTS AND CONCLUSIONS
Using equation (31) neutral stability curves of
G- vs K were plotted as & was varied. The
computation of the integrals C;; and e3; was
performed numerically using Simpson’s rule and
160 intervals over the normalized “radius”. Tt

G Dn l

= { Q27N
A iQbn—iKGen '

r

was felt that this approach is less subject to error
than the many integrations by parts required
because of products of X! with hyperbolic and
circular functions.

Tt was found that symmetrical or even pertur-
bations do not lead to instability, but that odd
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perturbations do. This is also true in ordinary
hydrodynamics where a symmetrical stationary
flow in the y direction is stable for symmetrical
and unstable for antisymmetrical disturbances
{91. Since the odd mode requires flow across a
“diameter”” (see Fig. 2) and there is no preferred
orientation in the actual cylindrical geometry,
one would expect the onset of instability as a
growing perturbation to break up the flow.

The curves of neutral stability are given in
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number,
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Grashof
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a | l |
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0-25 o 40

Wave number, X

Fi1G. 3. Neutral stability curves for odd mode:
molten iron (P = 0-1); — — mercury (P, = 0-02).
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Fig. 3 for molten iron and also mercury. Points
on each curve (representing a given value of b’)
were computed at K = 0-0625, 0-125, 0-25, 0-5,
1-0, 2-0, 40, 8-0 and 16:0. No solutions were
found for K > 4-0 nor for any value of K along
b' = 100. For each value of b’ the critical
Grashof number corresponds to a space period
or wavelength of one radius, i.e. K= 1. The
critical values are plotted against b’ in Fig. 4.
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©
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15
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£ 10t
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o No solutions
E
= 107
.
[¥]
108
10
1ot |
o1 1 10 100
Dimensioniess radius, 5
FiG. 4. Critical Grashof number vs ': ——— molten

iron (P, = 0-1); — — mercury (Pr = 0:02).

For a given exciting current it is seen that insta-.
bility is most apt to set in at the frequency

corresponding to maximum velocity or when

b = 4-07. The minimum critical Grashof

number, G, is 19000 for molten iron and

95 000 for mercury.

By way of comparison the critical Rayleigh
number {equal to Py G,) for the onset of thermal
convection in the Bénard problem is 1708 when
both surfaces are rigid and 1101 when the upper
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surface is free [10]. The corresponding values of
Gm for molten iron are 17080 and 11 010 and
are to be compared with a value of 19 100 for
this analysis.

The value of the dimensionless frequency
corresponding to 6" = 4-07 and G, that was
calculated for molten iron is € == 138:6. This
corresponds to a perturbation frequency of
0:504 x 10~ ¢/s and is consistent with the
earlier assumption that w < wy.

Lastly, it is of interest to calculate the maxi-
mum temperature difference Q: which cannot
be exceeded if the flow is to remain stable. From
the definition of the Grashof number, Q1 is
given by

Or = Gv*/Bgb®

and is proportional to G and inversely propor-
tional to the “radius” cubed. At b’ = 4-07 and
a charge of molten iron excited at 60 c/s the
radius is b = 0-156 m and Q; = 0-0012°C. How-
ever, at a frequency of 960 ¢/s and b’ = 4-07, O
increases by a factor of 43 to a value of 0-08°C.
These calculations illustrate that except for very
small furnaces and/or very high values of &’ the
tolerable temperature gradient is small, and the
stirring action under the influence of thermal
buoyancy forces is turbulent.

10.
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Résumé—La stabilité de I'écoulement laminaire permanent d’un fourneau a induction idéalisé qui a
été décrit auparavant est analysée au moyen de la technique des perturbations employée ordinairement
pour les analyses de la stabilité [1]. On montre que le nombre de Grashof critique minimal pour le fer
fondu est 19 000 pour un rapport de profondeur d’effet de peau au rayon de un demi. Les calculs
montrent alors que le gradient de température tolérable le long du rayon est trés petit telle fagon que
I’agitation sous I'action des forces d’Archiméde thermiques est généralement turbulente.

Zusammenfassung—Mit Hilfe einer gewohnlich fiir Stabilitdtsanalysen verwendeten Stortechnik, wird
die Stabilitit der vorher abgeleiteten stationdren laminaren Stromung eines idealisierten Induk-
tionsofens analysiert [1]. Es wird gezeigt, dass die kleinste kritische Grashofzahl fiir geschmolzenes

Eisen 19 000 ist, die bei einer Wandstirke entsprechend einem Radienverhiltnis }

auftritt. Die

Berechnung zeigt dann, dass der zuldssige Temperaturgradient am Radius sehr klein ist, sodass die
Rithrwirkung unter dem Einfluss thermischer Auftriebskrifte im allgemeinen turbulent ist.

ASHOTANMA—Y CTONYHBOCTH CTALINOHAPHOTO JAMHHAPHOr0 IOTOKA B UNEANbHON HHAYRIUOH-

HOH TeYn aHAJMBUPYETCH ¢ MOMOIIBIO METORA BOBMYIeHHH, OOHYHO HCHONL3YEeMOTO AJA

ananusa ycroitunpocru [1]. Ilokasano, 4r0 MUHMMaJIbHOE KpUTHYECKOe 4mciao I'pacroda mus

pACIIIaBIeHHOTO skenesa cocrapaser 19000 mpu orHomrenuu 3¢dexTUBHONR riayGUHH HpoO-

HUKHOBEHMS IEPEMEHHOTO TOKA K paguycy 1:2. PacueromM moKasaHO, YTO AOIYCTHEIA Tem-

nepaTypHHL IPAIIeHT oNeper Paguyca 04eHb MAJ, TaK 4TO NepeMenlnBanue Noj| BIHIHUEeM
TepMUYEeCKUX ITOABEMHBIX CHJI ABJIAECTCH TyPGyJIeHTHBIM.



